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3 MAV SPECMATH EXAM 1/2007

Instructions
Answer all questions in the spaces provided.
A decimal approximation will not be accepted if an exact answer is required to a question.
In questions where more than one mark is available, appropriate working must be shown.
Unless otherwise indicated, the diagrams in this book are not drawn to scale.

Take the acceleration due to gravity to have magnitude g m/s?, where g = 9.8.

Question 1
Given that P(z) = z* — 4z + 62> — 4z + 5 = 0 and P(2 + i) = 0, find all the roots of P(z) = 0.

3 marks

TURN OVER
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Question 2
T

u and v are vectors defined by u = cos(0)i + sin(0)/, v = sin(0)i + cos(6); and 0 < 0 <3

a.  Show that u and v are unit vectors.

1 mark
b. Let a be the angle between the vectors u and v. Express a in terms of 0.

1 mark
c¢. Find @ when 0 = %

1 mark

d If0= %, find the vector resolute of v in the direction of u.

2 marks



5 MAV SPECMATH EXAM 1/2007

Question 3
x+2
x>+ x

a.  Express in partial fractions with integer numerators.

2 marks
¢ x+2 a P
b.  Hence show that _{ R xdx = log. <F> where a and b are positive integers.
Find the values of @ and b.
3 marks

TURN OVER
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Question 4

1 d —1(./ - -3
a. Show that, for0<x<3,dx(COS ( (3X)))—2 3x(1 — 3x)

2 marks

1

b. Hence, find the exact value of f ﬁdx
| x(1 — 3x

12

3 marks
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Question 5

An object of mass 2 kg falls from rest from a height of 50 metres. Its fall is opposed by an air
resistance of magnitude of 0.05v* newton, where v is its velocity.

a.  Write an equation of motion for the falling object.

1 mark
dc _ 40v
b.  Show that dv = 40g—*
2 marks
c¢.  Hence, find the exact distance travelled for the object to reach a speed of 10 m/s.
3 marks

TURN OVER
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Question 6
Let f(x) = arctan(x) + %, x ER.

a.  On the axes below, sketch the graph of f(x). On the sketch, clearly indicate the
asymptotes and axes intercepts.

3 marks

b. Solve f(x) = %

1 mark
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Question 7
At time ¢ seconds, a particle has position vector
r = (3cos(z) — sin(2¢))i + (3sin(¢) + cos(2¢))/, where t > 0.

a.  Find its velocity vector v.

2 marks
b.  Find its maximum speed.
3 marks
c¢.  Show that the particle never stops.
1 mark

TURN OVER
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Question 8
The position vector of a particle is given by r(#) = 2tan(7)i + sec(#);j where ¢ > 0.

a. Find the Cartesian equation of the path of the particle.

2 marks
b.  Sketch the curve on the grid below, showing all important features.

Y

4
4
2

B o 4 2 0 2 } ¢ !

=2
4

2 marks
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¢.  Find the exact volume of revolution formed by rotating this curve between y = 1 and y = 2
about the y-axis.

2 marks
Total 40 marks

END OF QUESTION AND ANSWER BOOK
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Specialist Mathematics Exam 1 2007 Solutions

Question 1

The equation has real coefficients therefore the conjugate root theorem applies.
So 2 — i is another root.

The two factors can be expressed as a quadratic as follows:
(z=2—-iz=2+i)=2"—4z+5

Divide z*> — 4z + 5 into z* — 42> + 6z°> — 4z + 5 to obtain z*> + 1

22+ 1

=4z 45— 42+ 62— 4z + 5
2t — 473 + 577

2 —4z+5

2 —4z+5

c(Z2=4z45)(2+1D=0
(z=2-Dz=-2+Dz=-DEz+i)=0
cz=2402—ii,—i

Solutions are;: z=2+1i and z =+i

Question 2

a. u=cos(0)i+ sin(@)j and v = sin (0)i + cos (9){’

]Lf = Vcos?(0) + sin?(0)

-1
=1

|v|=+sin?(0) + cos? (0)

—J1
=1

Hence, both u and v are unit vectors.

_ cos (0)sin (0) + sin (0)cos (0)
b. cos(a) = JIx/1
= 2sin (0)cos (0)

= sin (20)

a = cos '(sin(20)) or a = % - 20

C. a= cos‘1<sin<2>6<n>>]




d. (v-a)u= <?+?>(;£+ J;)
= ?£+i; or
=%(ﬁg+ y)

Question 3

x+2_é+ B
x2+x_x x+1

sx+2=4kx+ 1D+ BXx)
Letx=0s04 =2

Letx=—1soB=—1
Cox+2 2 1

'x2—|—u_x x+1

Clx+2 21
b. {<x2+x)dx: {(;—m>dx

= [2log.| x| = log.| x + 1]

= (2log.3 —log.2) — (2log.4 — log.3)
= log. (27/32)

Answer: a =27,b =12

where A4 and B are constants.

MAV SPECMATH EXAM 1 SOLUTIONS

M1

Al

Al

A1l (both A and B correct)

A2 for anti-derivatives

Modulus sign missing = —1

Note: cannot get this mark from logs of negative numbers. Equivalent multiples of a and b

in non-simplified fraction is correct.

Question 4

a. Letu =+3x and w = 3x

u =+ w and so 5“ = 2\}» and%{v

du _ duxdw
dx  dw " dx

3
©2v/3x

_ dy
— 1 —
y = cos” ' (u) and so =

1—u
dy _ dyxdu
dx ~ du” dx
-1 3
V1 —u? " 23x
-1 3
V1-3x " 2/3x
_ -3
2+v3x (1 — 3x)

Hence shown.

Al

M1

SOLUTIONS — continued
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o
b [— 1
J\/3x(1—3x) )

Question 5

2

a. 2a =2g—0.057° .'.a:g—%

b. Using a = v% in the equation of motion gives:

dv _ 2g—0.05

Vidx = 2
dv _ 2g—0.05/
dx — 2v
dx _ 2v

dv " 2g—0.05/?

Multiplying numerator and denominator by 20 gives

% = % as required.
10
c. The required distance is given by the integral: f

g 40g — V?

Al for —% in front

M1 for recognition

Al

Al

M1

Al

Al

Note: The integral must have correct limits and dv. Does not need to have a modulus of

_ 40y
40g — v*’

10
_ —2v
X = 205[ 7+ 40o 40gdv

- [— 20log, (40g — vz)]:)o
=—20log. (40g — 100) + 201log. (40g)

_ 40g
= 20log. (40g_100>

_ 28
= 20108 3% )

Note: 20log, (4(&49g100> can get the last A1 mark.

since we are after distance and the graph was not asked for.

M1

M1

Al
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Question 6

a.

y
A
3__
_3r
Y= 24
1__
T
(0.5)
(-1,0)
f f f f f f f f } X
=5 —4 -3 -2 -1 1 2 3 4 5
T
y==-7
1+
x-intercept (— 1, 0) Al
y-intercept (O, %) Al
Asymptotes y = —% and y = %t and shape. Al
T _ 5w
b. arctan (x) + 7 = 75
-
arctan (x) = 6
(T2 L V3
x—tan<6>—ﬁ— 3 Al
Question 7
a. Differentiating » with respect to ¢:
r=(=3sin(¢)—2cos (21))i + (3cos (t) — 2sin (2¢))j A2 (1 each i, j term)
b. Speed =|v|
= /(3sin (¢) + 2cos (20)] + (3cos (¢) — 2sin (21)) M1

=/ 9sin?(¢) + 12sin (¢ )cos (2¢) + 4cos? (2) + 9cos? (¢) — 12 cos (¢ )sin (2¢) + 4sin? (2¢)

= /(9sin2 (1) + 9cos (1)) + 12 (sin (1 )cos (2¢) — 12cos (¢)sin (21)) + (4cos? (2¢) + 4sin® (21))
=9 +4+ 12sin(r — 2¢) M1 for using the compound angle formula

=13 — 12sin (7)
.. Maximum speed is v'13 + 12 when sin(7) =—1

.. Maximum speed is 5. Al

SOLUTIONS — continued
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c. V13— 12sin(z)
—1<sin(z)<1
So— 12 < 12sin(z) < 12
SA/13-12=1,V13+12=5
.. speed will always be between 1and 5

.". it never stops

Question 8
a. % = tan (¢) and y = sec (¢)
1

+ tan®(¢) = sec*(¢)

14-%:)/2

2 2
_y X
l=7-%

Al

M1

109 8 7 6 -5 4 3 2 —1

a5

-ef-3)-(3-1)

= 16T7t cubic units

M1

Al
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Specialist Mathematics Formulas

Mensuration

area of a trapezium: E(a +b)h
curved surface area of a cylinder: 2nrh
volume of a cylinder: 7r*h

1_ 2
volume of a cone: 37" h
volume of a pyramid: %Ah

4_3
volume of a sphere: 37T

1, .
area of a triangle: Ebc sin 4

a _ b _ ¢

sine rule:

sin 4 - sin B - sinC
cosine rule: =d*+b*>—2abcos C
Coordinate geometry
2 2
(x=h)" _(v-k)

(x=h)  (y=k)" _ . _
" + pE =1 hyperbola: " - E =1

ellipse:

Circular (trigometric) functions

cos(x) + sin’(x) = 1

1+ tanz(x) = secz(x) cotz(x) +1= cosecz(x)
sin(x + y) = sin(x) cos(y) + cos(x) sin(y) sin(x — y) = sin(x) cos(y) — cos(x) sin(y)
cos(x +y) = cos(x) cos(y) — sin(x) sin(y) cos(x — y) = cos(x) cos(y) + sin(x) sin(y)
+ —
fan(x + y) = tan(x) + tan(y) fan(x - y) = tan(x) — tan(y)
1 —tan(x) tan(y) 1 + tan(x) tan(y)
cos(2x) = cosz(x) — sinz(x) =2 cosz(x) -1=1-2 sinz(x)
2tan(x
sin(2x) = 2 sin(x) cos(x) tan(2x) = —(2)
1—tan”(x)
function sin”! cos ! tan |
domain [-1, 1] [-1, 1] R
Orn o0 [0, 7] Or o0
ran —,— , ==
& H2'2H i H272F
Algebra (Complex numbers)
z=x+yi=r(cos §+isinf)=rcisd
|z|: /xz +y% = —-n<Argz<r
2,2y = ryry cis(0, + 6,) 2= Gis(6, -6,)
o ) Z h
z'=r" cis(nf) (de Moivre’s theorem) © VICTORIAN CURRICULUM AND ASSESSMENT AUTHORITY 2006

REPRODUCED WITH PERMISSION MATHEMATICAL ASSOCIATION OF VICTORIA 2006



Calculus
%(x”) =nx""!
&(ea") = ae®
d 1
&(loge(x)): ;
%(sin(ax))= acos(ax)

d .
&(cos(ax))— asin(ax)

% (tan(ax)) = asec? (ax)

%(sin_l(x)) = 1ix2
%(cos_l(x)) = 1__1)(2
%(tan_l(X)) =] +1X2

product rule:

quotient rule:

chain rule:

Euler’s method:

acceleration:

constant (uniform) acceleration:

v=u-+at

1
x"dx = ——
J —

fe®dx = 1e
a

1 X"+ nz-1

ax+C

jidx =log, |x|+c

Jsin(ax) dx

1
= ——cos(ax) +c
a

Jcos(ax)dx = lsin(ax) +C
a

sec (ax) x-—tan(ax)+c
q 1
1 -1 X O
———dx=sin c,a>0
I a’-x* =
-1 4 xO
——dx=cos c,a>0
I a’-x* =
1OxOd
ja2 2dx=tan IEF;HC
d _dv  du
—(w)=u—+v—
dx dx dx
du dv
iDJD dx dx
dx H: v?
dy:d_ydu
dx dudx
dy _ _ _
If&— (x), x,=aandy,=b, thenx,, ,

s= ut+lat2
2

V2 =u? +2as

© VICTORIAN CURRICULUM AND ASSESSMENT AUTHORITY 2006
REPRODUCED WITH PERMISSION MATHEMATICAL ASSOCIATION OF VICTORIA 2006

SPECMATH

=X,+hand y _, =y, +hf(x)

1
= = U+t
S W)

TURN OVER
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\Vectors in two and three dimensions

— r r — =
~ x“+y +z° =y L.r,=rrycos0=xx,+yy,+z:2,

Mechanics

momentum: p=my
equation of motion: R =ma
friction: F<uN

END OF FORMULA SHEET
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