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THE SCHOOL FOR EXCELLENCE 
 
 

UNIT 4 MATHEMATICAL METHODS 2006 
 

COMPLIMENTARY WRITTEN EXAMINATION 2 - SOLUTIONS 
 

 
SECTION 1 — MULTIPLE CHOICE QUESTIONS 

 
QUESTION 1    Answer is D 
 
The function has an x-intercept at ax =  and an x-intercept that is also a turning point  
at bx = . 
 
Model for rule of function: 2))(( bxaxAy −−= . 

Since −∞→y  as +∞→x , A is negative. Let 1−=A . 

Therefore: 2))(( bxaxy −−−= 2))(( bxxa −−= . 

 
QUESTION 2    Answer is B 

 

|1||1| 22 −−→− xx ( ) 411 2
4
12

4
12

2
1 −−=−−=−−→ xxx 342

4
1 +−−→ x . 

 
QUESTION 3    Answer is E 

 

It is required that 0
6
3

≥
−
−

x
x

,  where 606 ≠⇒≠− xx . 

Therefore either:  
 
• 03 ≥−x   AND  606 >⇒>− xx , or 
• 03 ≤−x   AND  306 ≤⇒<− xx . 
 
 
QUESTION 4   Answer is A 
 
Horizontal asymptote at 3−=y 33 =⇒−=−∴ CC . 

Vertical asymptote at 2−=x ABBA 20)2( =⇒=+−∴ . 

)4 ,0( −  is a point on the curve 13
0

14 −=⇒−
+

=−∴ B
B

. 

Substitute 1−=B  into AB 2= :  
2
121 −=∴=− AA . 
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QUESTION 5   Answer is D 
 

3))2(()( +−−= xfxg . 

Therefore: ))2(()()( −−→−→ xfxfxf 3))2(( +−−→ xf  
 

Therefore: ( ) ( )285  ,2285  ,2 −−→− ( ) ( )285  ,22285  ),22( −−≡−−−→  

( )3285  ,22 +−−→ . 
 
QUESTION 6    Answer is B 
 
f  will have an inverse function if it is a 1-to-1 function. 

Use the graphics calculator to draw a graph of f . The smallest value of x  at which f has a 
turning point is 22254820 ⋅−≈x . 

Therefore, f is a 1-to-1 function over the domain 22254820 ⋅−<x . 

 
QUESTION 7    Answer is E 
 
Require f domg ran ⊆ . 
 

⎭
⎬
⎫

⎩
⎨
⎧ ≤⇒≥−=

2
3023  : dom xxxf . 

 
It is therefore required that: 
 

2
3

2
52 ≤−x  

 

22
42

≤≤−∴
≤∴

x
x

. 

 
 

QUESTION 8   Answer is E 
 

By definition: 
⎪⎩

⎪
⎨
⎧

≤≤−

><−
=−

20       2

2    0       2
|2|

2

2
2

aaa

aaaa
aa

for

orfor
 

 
2101212 22 ±=⇒=−−⇒=− aaaaa . 

101212 22 =⇒=+−⇒=− aaaaa . 
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QUESTION 9    Answer is B 
 

2
3

2
cos03

2
cos2 −=⎟

⎠
⎞

⎜
⎝
⎛⇒=+⎟

⎠
⎞

⎜
⎝
⎛ xx

 

ππ nx 2
6

5
2

+=∴   or ππ nx 2
6

7
2

+= ,  Jn ∈ . 

ππ nx 4
3

5
+=∴   or  ππ nx 4

3
7

+= . 

First three positive solutions: 
3

174
3

5  ,
3

7  ,
3

5 πππππ
=+=x . 

Product of the first three positive solutions: ⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛=

3
17

3
7

3
5 πππx . 

 

QUESTION 10   Answer is D 
 

2)3sin(2)3(cos2 −=+ bb  

02)3sin(2)]3(sin1[ 2 =++−∴ bb  

03)3sin(2)3(sin 2 =−−∴ bb  

0)1)3)(sin(3)3(sin( =+−∴ bb . 
 

Therefore either:  
 

• 03)3sin( =−b   (no real solution),  or 

• 1)3sin(01)3sin( −=⇒=+ bb  

ππ nb 2
2

3 +−= ,  Jn ∈  

3
2

6
ππ nb +−= . 

Apply the restriction 
22
ππ

≤≤− b : 
23

2
6

  ,
6

ππππ
=+−−=

nb . 

 
 

QUESTION 11   Answer is B 
 

( ) )72(log3)14(log314log 77
3

7 ×== xxx )}7(log)2({log3 77 += x }1)2({log3 7 += x . 

Apply the change of base formula:  
)7(log
)2(log

)2(log7
e

e= . 

Therefore: ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+= 1

)7(log
)2(log

14log 3
7

e

ex
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=

)7(log
)7(log)2(log

)7(log
)7(log

)7(log
)2(log

e

ee

e

e

e

e . 
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QUESTION 12   Answer is A 
 

Quotient rule: 2)]([
)()(')()(')('

xf
xgxfxfxgxh −

=  

22 ]4[
)4)(1()4)(5(

)]0([
)0()0(')0()0(')0(' −−

=
−

=∴
f

gffgh
2
3

16
24

== . 

 
 
QUESTION 13  Answer is D 
 

)(xfy =  has turning points at 2=x  and 21⋅−≈x . Therefore 0)(' == xfy  at 2=x  and 
21⋅−≈x . 

)(xfy =  is an increasing function for 2>x . Therefore 0)(' >= xfy  for 2>x . 

)(xfy =  has the appearance of a cubic function therefore )(' xfy =  has the appearance of 
a quadratic function. 
 
 
QUESTION 14   Answer is B 
 
To get the equation of the normal it is necessary to know the gradient of the normal and the 
coordinates of a point on the normal. The model )( 11 xxmyy −=−  can then be used. 

Gradient of the normal when 4=x : 2222 2/1 −=−= −x
x

y
xx

x
dx
dy 12/3 −=−=∴ − . 

Therefore 
8
1

44
1

tangent −=−=m . 

Apply 1))(( normaltangent −=mm :   8normal =m . 

Coordinates of a point on the normal:  12
4

24 −=−=⇒= yx . 

Equation of the normal at the point where 4=x : 
 

3383281)4(8)1( −=⇒−=+⇒−=−− xyxyxy . 
 
 
QUESTION 15  Answer is A 
 
Let )(xfy =  and use the chain rule: 

Let )(xgw = . Then 2/1wwy == . 

)('
)(

1
2
1)('1

2
1)('

2
1 2/1 xg

xg
xg

w
xgw

dx
dw

dw
dy

dx
dy

×=×=×=×=∴ − . 

When 1=x : 
4
99

4
1

2
1)1('

)1(
1

2
1)1(' =×=×= g

g
f . 
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QUESTION 16   Answer is E 
 

0)(')( >== xgxfy  on the interval ),( b a . By definition g will therefore be an increasing 
function. 
 
 
QUESTION 17  Answer is B 
 

For ππ −<<− x3 , ⎟
⎠
⎞

⎜
⎝
⎛−=⎟

⎠
⎞

⎜
⎝
⎛

2
cos

2
cos xx

 and xx −=|| : 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Therefore xxxxy +⎟
⎠
⎞

⎜
⎝
⎛−=−−⎟

⎠
⎞

⎜
⎝
⎛−=

2
cos)(

2
cos  over ππ −<<− x3 . 

 

Therefore :  1
2

sin
2
1

+⎟
⎠
⎞

⎜
⎝
⎛=

x
dx
dy

 over ππ −<<− x3 . 

 
 
QUESTION 18   Answer is C 
 
Reverse the integral terminals:  

 

dxxgdxxg
b

a

a

b
∫∫ −−=−  )5)(3( )5)(3(  

     )(5)1)(3( 5 )(3 abdxdxxg
b

a

b

a

−+−−=+−= ∫∫  

     )(53 ab −+= . 
 

y

xπ – π – 2π – 3π – 4π 

1 

– 1 

y = cosx
2

 

y = – cosx
2
 

y

xπ – π – 2π – 3π – 4π 

2π 

4π 

– 2π 

– 4π y = x 

y = – x 
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QUESTION 19   Answer is D 
 
Variance 42 == σ .  

Therefore : Standard deviation 2== σ . 

Transformation formula from normal to standard normal: 
σ

μ−
=

XZ . 

Therefore: 1
2

121010 −=
−

=⇒= ZX  and 2
2

121616 =
−

=⇒= ZX . 
 

Therefore: )2Pr()1Pr(1)21Pr()1610Pr( >−−<−=<<−=<< ZZZX . 
 

)1Pr()1Pr( >=−< ZZ  by the symmetry of the normal distribution. 
 

Therefore:  )2Pr()1Pr(1)1610Pr( >−>−=<< ZZX . 
 
 
QUESTION 20   Answer is B 
 
Let the median value of X  be equal to k , where 20 ≤≤ k . 

 
By definition:  
 

2
1 

6
1

3
1

2
1

0

2 =+−∫ dxxx

k

 

 

2
1

6
1

6
1

6
1

 

0 

23 =⎥⎦
⎤

⎢⎣
⎡ +−∴

k

xxx  

 

2
1

6
1

6
1

6
1 23 =+−∴ kkk  

0323 =−+−∴ kkk  

57471⋅=∴k ,  correct to four decimal places. 
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QUESTION 21   Answer is D 
 

The table can be annotated in the following way: 

 Total number Number defective Number not-defective 

Machine A 450 14 436 

Machine B 350 18 332 

Machine C 200 12 188 

 1000 44 956 

 

Pr(Machine B | not defective)
239
83

956
332

== . 

 
 
QUESTION 22   Answer is B 
 
Let X denote the random variable number of shots that hit the bullseye. 

Then X ~ Binomial( 40 ⋅=p , ?=n ). 

The smallest value of n such that 90)5Pr( ⋅>≥X  is required: 

10)4Pr(90)4Pr(190)5Pr( ⋅<≤⇒⋅>≤−⇒⋅>≥ XXX . 

The most efficient approach to solving this inequality is to use the graphics calculator: 

1.   Define Y1= binomcdf(X, 0.4, 4). Note: In this rule X represents the sample size variable,  
  NOT the random variable. 

2.    Scroll down TABLE until the first integer value of X satisfying Y1 < 0.1 is found. 

3.    X = 18. 
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SECTION 2 — EXTENDED ANSWER QUESTIONS 
 

QUESTION 1 

a.  Period = 282

14

=π
π

 hours. 

  
12.00 noon Monday to 12.00 noon Monday = 7 days = 168247 =×  hours. 
 

 168 = 286 ×  = 6 periods and hence height of water will be at the beginning of the cycle. 
 
 Alternatively: 140 =⇒= dt . 

14)1(410)12cos(410168
14

cos410168 =+=+=⎟
⎠
⎞

⎜
⎝
⎛ ×+=⇒= ππdt . 

 

b. (i)   The value of t  when 46 ⋅=d  is required: ⎟
⎠
⎞

⎜
⎝
⎛+=⋅ t
14

cos41046 π
. 

 
  Since only an approximate solution is required, the graphics calculator can be  
  used: 
 

   Draw the graphs of  Y1 = )14/X cos(410 π+  and Y2 = 46 ⋅ . 
 
   The X-coordinate of the intersection point of Y1 and Y2 gives the required  
   value of t. 

 
 990111⋅=t , which corresponds to a ‘clock time’ of 11:59 pm Monday, correct to the  
  nearest minute. 

 
 (ii)   The time interval over which 46 ⋅<d  is required. 

 
  Since only an approximate solution is required, the graphics calculator can be  

    used: 
 
   Draw the graphs of Y1 = )14/X cos(410 π+  and Y2 = 46 ⋅ . 
   Get the X-coordinate of the intersection points of Y1 and Y2. 
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    The first two intersection points occur when 990111⋅=X  and 009916 ⋅=X . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 Therefore the time interval is equal to 01984990111009916 ⋅=⋅−⋅  hours 

                                                                              = 4 hours 1 minute, 

  correct to the nearest minute. 
 

c. (i)   Let the tangent to ⎟
⎠
⎞

⎜
⎝
⎛+= td
14

cos410 π
 be at the point ) ,( 11 dt  and have  

   gradient m. 
 

  Then ⎟
⎠
⎞

⎜
⎝
⎛−== 11 14

sin
7

2)(' ttdm ππ
. 

 
Since the tangent passes through the point )20 ,12(  and has gradient   
 

⎟
⎠
⎞

⎜
⎝
⎛−= 114

sin
7

2 tm ππ
, an equation of the tangent is given by 

 

   )12(
14

sin
7

220 1 −⎟
⎠
⎞

⎜
⎝
⎛−=− ttd ππ

 

 

   20)12(
14

sin
7

2
1 +−⎟
⎠
⎞

⎜
⎝
⎛−=∴ ttd ππ

. 

 

Y

X2 4 6 8 10 12 14 16 18 
1 2 3 4 
5 

6 

7 

X=11.9901 X=16.0099

Y1

Y2
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 (ii)    Since the tangent is at the point ) ,( 11 dt , this point is common to both 
 

    20)12(
14

sin
7

2
1 +−⎟
⎠
⎞

⎜
⎝
⎛−= ttd ππ

 and ⎟
⎠
⎞

⎜
⎝
⎛+= td
14

cos410 π
. 

 

 Therefore: 20)12(
14

sin
7

2
111 +−⎟

⎠
⎞

⎜
⎝
⎛−= ttd ππ

. (1) 

   ⎟
⎠
⎞

⎜
⎝
⎛+= 11 14

cos410 td π
.     (2) 

 
  The simultaneous solution to equations (1) and (2) for 1t  is given by the solution to 

  =+−⎟
⎠
⎞

⎜
⎝
⎛− 20)12(
14

sin
7

2
11 ttππ

⎟
⎠
⎞

⎜
⎝
⎛+ 114

cos410 tπ
 and can be found using the  

  graphics calculator: 813291 ⋅=t , correct to three decimal places. 

 
  (iii)  If Galaxian is to first enter the water after midnight on Tuesday, the required  

   maximum possible rate of change of the height of Galaxian above the water with  

   respect to time is equal to the gradient of the tangent to ⎟
⎠
⎞

⎜
⎝
⎛+= td
14

cos410 π
  

    that passes through the point )20 ,12( : 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

  3550812929
14

sin
7

2)812929(' ⋅−≈⎟
⎠
⎞

⎜
⎝
⎛ ⋅×−=⋅=

ππdm . 

   

d

t2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

(36, 9.1099)

d = 10 + 4cos π

14
 t 

(12, 20)

Midnight Tuesday
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  Alternatively, the graphics calculator can be used to get the value of the derivative 

  of ⎟
⎠
⎞

⎜
⎝
⎛+= td
14

cos410 π
 at 812929 ⋅=t . 

  Note: In order to avoid accumulation of rounding error, a greater degree of  
  accuracy than required in the final answer is used during the calculation. 

     The maximum possible rate at which Galaxian is being lowered towards the river is 
  therefore equal to 3550 ⋅  metres per hour, correct to three decimal places. 

 

d.  ⎟
⎠
⎞

⎜
⎝
⎛ +=

4
cos)3sin( πxx  

 

 Write )3sin( x  in terms of cos  using the identity ⎟
⎠
⎞

⎜
⎝
⎛ −= θπθ

2
cos)sin( . 

 

  )3sin( x∴ ⎟
⎠
⎞

⎜
⎝
⎛ −= x3

2
cos π

 

 

 ` ⎟
⎠
⎞

⎜
⎝
⎛ +=⎟

⎠
⎞

⎜
⎝
⎛ −∴

4
cos3

2
cos ππ xx     or Using the identity ( )θθ −= cos)cos(  

 

 πππ nxx 2
4

3
2

++=−∴         or πππ nxx 2
4

3
2

++=⎟
⎠
⎞

⎜
⎝
⎛ −−  where Jn ∈  

 
216
ππ nx −=∴                  ππ nx +=∴

8
3

            

 . 

  Apply the restriction π≤≤ x0 :   
 

  
16
π

=x ,   
16
9

216
πππ

=+ ,   
8

3π
. 

 

  
16
π

=x ,  
16
9π

,  
8

3π
. 
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QUESTION 2 
 

a. (i)   )6(W=x . 
 
 (ii)  )3(W=x  is the solution to the equation 033 33 =−⇔= xx xexe . 

       Using the graphics calculator to solve this equation: 04991⋅=x , 

          correct to four decimal places. 
 
 (iii)  23 =xxe  
 

  Multiply both sides by 3: 
 

 6)3( )3( =∴ xex  

 )6(W3 =∴ x  

 )6(W
3
1

=∴ x . 

 
b. (i)   2=+ xex  
   xe x −=∴ 2  

   )2(1 xe x −=∴ − . 

 

 (ii)   )2(1 xe x −= −  
  

   Substitute txtx −=⇒=− 22 : 
 

   te t )2(1 −−=∴  

                     tee t2−=  

   tee t=∴ 2 . 
 
 (iii)   The solution to tee t=2  is )(W 2et = . 
 
    Therefore: )(W2 2ex =−  

      )(W2 2ex −=∴ . 
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c. (i)   f is required to be 1-to-1. 

  The largest value of a  will therefore be equal to the −x coordinate of the  

 turning point. 
 

  Option 1: Use the graphics calculator. 

  Option 2: Use calculus. 

  Let uvxf =)(  where xu =  and xev −= . 

   Then 1=
dx
du

 and xe
dx
dv −−= . 

  Applying the Product Rule:  
dx
duv

dx
dvu

dx
dy

+=  

 

   xxxxx exxeeeex
dx
dy −−−−− −=−=+−=∴ )1()1)(())(( . 

 

 To find −x coordinate of stationary points solve 0=
dx
dy

: 0)1( =− −xex . 

    Use the null factor theorem: 0)1( =− x 1=∴ x 1=∴a . 

    Note that 0=−xe  has no real solution. 
 
 (ii)   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

y

x1 2 – 1 – 2 

1 

2 

– 1 

– 2 y = f(x) 

y = f(x) 

(1, 1/e)

(1/e, 1)

y = f – 1(x) 
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 (iii)  Let )(1 xfy −= . Then: 
 

   yyex −=  

   )()( yeyx −−=−∴  

   )(W xy −=−∴  

   )(W xy −−=∴ . 
 
    )(W)(1 xxf −−=− . 
 

 (iv)  Substitute 
e

x 1
=  into )(W)(1 xxf −−=− : ⎟

⎠
⎞

⎜
⎝
⎛−−=⎟

⎠
⎞

⎜
⎝
⎛−

ee
f 1W11 . 

 

    From (ii): 111 =⎟
⎠
⎞

⎜
⎝
⎛−

e
f . 

 

    Therefore: 11W11W −=⎟
⎠
⎞

⎜
⎝
⎛−⇒=⎟

⎠
⎞

⎜
⎝
⎛−−

ee
. 
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QUESTION 3 
 
a. (i)   Let uvy =  where βα ++= xxu 2  and 2/1)32(32 −=−= xxv . 
 

    Then α+= x
dx
du 2  and 

32
1)32( 2/1

−
=−= −

x
x

dx
dv

. 

 

    Applying the Product Rule: 
dx
duv

dx
dvu

dx
dy

+=  

 

   )2(32
32

1)( 2 αβα +−+
−

++=∴ xx
x

xx
dx
dy

 

 

                        32)2(
32

2
−++

−
++

= xx
x

xx αβα
. 

 
 

  (ii)   From part (i): 
 

 32)2(
32

2
−++

−
++

= xx
x

xx
dx
dy αβα

 

 
 Write over a common denominator: 
 

        
32

3232)2(
32

2

−
−−+

+
−

++
=

x
xxx

x
xx αβα

 

 

       
32

)32)(2(2

−
−++++

=
x

xxxx αβα
 

 

       
32

3264 22

−
−+−+++

=
x

xxxxx ααβα
 

 

       
32

)3()63(5 2

−
−+−+

=
x

xx αβα
  where )3()63(5)( 2 αβα −+−+= xxxq . 
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b. Link to part (a): 
32

)95(2
32

)95(2 2

−
−

=
−
−

x
xx

x
xx

. 

 Let xxxq 95)( 2 −= :  )3()63(595 22 αβα −+−+≡− xxxx . 

 
 Therefore: 1963 −=⇒−=− αα . (1) 
     03 =− αβ .    (2) 

 Solve equations (1) and (2) simultaneously: 30)1(3 −=⇒=−− ββ . 

 It follows that the derivative of 32)3( 2 −−− xxx  is 
32

95 2

−
−

x
xx

: 

 { }32)3(
32

95 2
2

−−−=
−

− xxx
dx
d

x
xx

 

 

 { }32)3(2
32

)95(2 2
2

−−−=
−

−
∴ xxx

dx
d

x
xx

 

 
 Anti-differentiate both sides with respect to x : 

 

 32)3(2 
32

)95(2 2
2

−−−=
−

−
∴ ∫ xxxdx

x
xx

 

 

 32)3(2 
32

)95(2 2 −−−=
−
−

∴∫ xxxdx
x
xx

 

 
where the arbitrary constant of anti-differentiation is omitted since only an  
anti-derivative is required. 
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c. (i)   
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

The curve intersects the x-axis when 
5
9095 =⇒=− xx .  

 

Therefore:  Area dx
x
xxdx

x
xx  

32
)95(2 

32
)95(2

2

5/9

5/9

5/8
∫∫ −

−
+

−
−

−=  

 

                 [ ] [ ]2 

5/9 

2
5/9 

5/8 

2 32)3(232)3(2 −−−+−−−−= xxxxxx . 

 
  (ii)   Using the numerical integration feature of the graphics calculator: 
 

   )416740()592110( 
32

)95(2 
32

)95(2
2

5/9

5/9

5/8

⋅+⋅−−≈
−
−

+
−
−

− ∫∫ dx
x
xxdx

x
xx

 

 
                                                                   0091⋅= ,  correct to three decimal places. 

 
Note: In order to avoid accumulation of rounding error, a greater degree of accuracy 

than required in the final answer is used during the calculation. 
 

y

x0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3 

2 

4 

2 

4 

6 

8 

10 
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d. From the graphics calculator it is easily seen that, depending on the value of α ,  
32)1()( 2 −−+= xxxxf α  either has a minimum turning point or is always an 

increasing function and so has no turning point. Note that ⎟
⎠
⎞

⎢⎣
⎡ ∞=  ,
2
3 dom f . 

 
 
 
 
 
 
 
 
 
 
 
 
 It is therefore required to find all exact values of α  for which )(xfy =  has no  
 turning point. 
  
 Link to part (a): 1−=β  
 

 
32

)31()63(5
32

)31()63(5)('
22

−
+−−+

=
−

−−+−+
=∴

x
xx

x
xxxf αααα

. 

 

Solve 0)(' =xf  to find the x-coordinate of the turning point: 

 
32

)31()63(50
2

−
+−−+

=
x

xx αα
 

 )31()63(50 2 αα +−−+=∴ xx  
 

 Use the quadratic formula: 
 

 
10

5624936
10

)31(20)63(36 22 ++±−
=

++−±−
=∴

αααααα
x . 

 Therefore )(xfy =  has no turning point when either: 

056249 2 <++ αα   (1) 
 or 

2
3

10
5624936 2

<
++±− ααα

,  (2) 

 where inequation (2) follows from ⎟
⎠
⎞

⎢⎣
⎡ ∞=  ,
2
3 dom f . 

 Equation (1) has no real solution. 

y

x2 4 – 2 – 4 

1 

2 

3 

– 1 

– 2 

– 3 

y

x2 4 – 2 – 4 

1 

2 

3 

– 1 

– 2 

– 3 

α =  – 2 α =  – 1
2
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 From inequation (2): ααα 3956249( 2 +<++± . 

 To solve this inequality, consider the solution to ααα 3956249( 2 +=++± : 

22 )39(56249 ααα +=++  

22 9548156249 αααα ++=++∴  

6
5

−=∴α . 

 The solution to 9562493 2 <++±− ααα  is therefore 
6
5

−>α .  

 Therefore 32)1()( 2 −−+= xxxxf α  is always an increasing function for 
6
5

−>α . 

 

Solution 2 

 By definition the exact values of α  such that 0)(' >xf  for all ⎟
⎠
⎞

⎢⎣
⎡ ∞=∈  ,
2
3 dom fx  are  

  required. 
  
  Link to part (a):  1−=β  
 

 
32

)31()63(5
32

)31()63(5)('
22

−
+−−+

=
−

−−+−+
=∴

x
xx

x
xxxf αααα

. 

It follows that exact values of α  such that  0)31()63(5 2 >+−−+ ααxx  over the 

domain ⎟
⎠
⎞

⎢⎣
⎡ ∞ ,
2
3

 are required.  It is therefore required that the minimum value of the 

parabola )31()63(5 2 αα +−−+= xxy  over the domain ⎟
⎠
⎞

⎢⎣
⎡ ∞ ,
2
3

 is always greater than 

zero.  Depending on the value of α , the minimum value of this parabola will occur at 
either its minimum turning point or at its endpoint. 

 

 x -coordinate of minimum turning point: 
 

 0)63(100 =−+⇒= αx
dx
dy

10
36 α−

=∴ x . 

 

 The minimum value of )31()63(5 2 αα +−−+= xxy  will therefore occur at its  

  minimum turning point when 3
2
3

10
36

−≤⇒≥
− αα

 and its endpoint when 3−>α . 

  y -coordinate of minimum turning point: 
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 )31()63(
10

36
10

365
2

αααα
+−−⎟

⎠
⎞

⎜
⎝
⎛ −

+⎟
⎠
⎞

⎜
⎝
⎛ −

=y  

            )31(
10

)93636(
100

)45180180( 22
ααααα

+−
+−

−
+−

=  

            
100

)31(100)90360360()45180180( 22 ααααα +−+−−+−
=  

            0
20

)92456(
100

45120280 22
<

++
−=

−−−
=

αααα
 for 3−≤α . 

 

Therefore )31()63(5 2 αα +−−+ xx  is never always greater than zero over the 

domain ⎟
⎠
⎞

⎢⎣
⎡ ∞ ,
2
3

 for 3−≤α . 

  
   y -coordinate of endpoint: 

  

⎪
⎪
⎩

⎪⎪
⎨

⎧

−≤≤

−>>
+

=+−−⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛=

6
5        0

6
5        0

4
56)31()63(

2
3

2
35

2

α

α
ααα

for

for
y  

Therefore )31()63(5 2 αα +−−+ xx  is always greater than zero over the domain 

⎟
⎠
⎞

⎢⎣
⎡ ∞ ,
2
3

 for 
6
5

−>α . 

Therefore 32)1()( 2 −−+= xxxxf α  is always an increasing function for 
6
5

−>α . 
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QUESTION 4 
 

a. (i)   Probability density function:  10/2

5
1)( xxexf −= . 

 8024962 
5
1 

5
1)(

100

0

10/2

0

10/2 22
⋅≈≈= ∫∫ −

+∞

− dxexdxexXE xx . 

Note: The use of an upper integral limit of 100 is a valid approximation for 
obtaining an answer correct to the required accuracy. 

The expected value of the length of life of an aircraft guidance system is equal to 
2802 hours, correct to the nearest hour. 

 

 (ii)    dxxxeXVar x∫
+∞

− ⋅−=

0

210/  )8024962(
5
1)(

2
 

    1460182 )8024962(
5
1

100

0

210/2
⋅≈⋅−≈ ∫ − dxxxe x  

 
   4649311460182)( ⋅≈⋅≈∴ Xsd . 

 

Note: The use of an upper integral limit of 100 is a valid approximation for 
obtaining an answer correct to the required accuracy. 

The standard deviation of the length of life of an aircraft guidance system is equal 
to 1465 hours, correct to the nearest hour. 

 

b. 20190 
5
1 

5
1)4Pr(

100

4

10/

4

10/ 22
⋅=≈=> ∫∫ −

+∞

− dxxedxxeX xx  correct to four decimal places. 

 Note: The use of an upper integral limit of 100 is a valid approximation for obtaining an  
  answer correct to the required accuracy. 

 
c. Let Y denote the random variable number of guidance systems that fail. 

 Then Y ~ Binomial( 79810350201896501 ⋅=⋅−=p , 3=n ). 

 Note: In order to avoid accumulation of rounding error, a greater degree of accuracy  
  than required in the final answer is used during the calculation. 

 09760)798103501()79810350()1Pr( 21
1

3 ⋅=⋅−⋅== CY , correct to four decimal places. 

 Alternatively, from the graphics calculator: 

 == )1Pr(Y binompdf(3, 79810350 ⋅ , 1) 09760 ⋅= . 
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d. 
)4Pr(

)54Pr()4|5Pr(
>

<<
=><

X
XXX . 

 

  From part (b): 20189650)4Pr( ⋅≈>X . 

  1198110 
5
1)54Pr(

5

4

10/2
⋅==<< ∫ − dxxeX x . 

  Therefore:  59340
20189650
1198110)4|5Pr( ⋅=

⋅
⋅

≈>< XX , correct to four decimal places. 

 
 
e. Find correct to the nearest hour the expected length of life of an aircraft guidance 
  system that has already lasted for four thousand hours. 
 
 A conditional expected value is required: 

 dxXxxfXXE ∫
+∞

>=>
4

 )4|()4|( . 

 Conditional probability density function: 
 

 

⎪
⎪
⎩

⎪⎪
⎨

⎧

>
⋅

=
⋅

≈
>=>

−
−−

otherwise                                                                            0

4              ,
0094825120189650

5
1

)4Pr(
5
1

)4|(
10/

10/10/ 2
22

Xxexe

X

xe
Xxf

x
xx

 

  
 Therefore: 
 

 0221625
00948251
0697855 

00948251
)4|(

4

10/2 2

⋅=
⋅
⋅

≈
⋅

=> ∫
+∞

−

dxexXXE
x

. 

 

 Note: In order to avoid accumulation of rounding error, a greater degree of accuracy  
  than required in the final answer is used during the calculation. 

 The expected length of life of an aircraft guidance system that has already lasted for  
  four thousand hours is equal to 5022 hours, correct to the nearest hour. 
 

pdf

x1 2 3 4 5 6 7 8 
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BONUS QUESTION 
 
QUESTION 1 

 
a.  10)1())2(( =−== fgfy . 
 

b.  To find 
dx
dy

 use the Chain Rule: 

 

 Let )(xgw =  so that )(wfy = . 

 Then )(' wf
dw
dy

=  and )(' xg
dx
dw

= . 

 Then )('))((')(')(' xgxgfxgwf
dx
dw

dw
dy

dx
dy

==×= . 

 Substitute 2=x  into 
dx
dy

:  

 4)4)(1()2(')1(')2('))2((' =−−=−== gfggf
dx
dy

. 

 
c. (i)   It is required that fh  domran ⊆ . 

    f dom : 303 ≤⇒≥− xx . 

    It is therefore required that 3)( ≤xh : 

 

   3)( ≤xh  

   3)12(log1 ≤−−∴ xe  

   2)12(log −≥−∴ xe  

   212 −≥−∴ ex  

   
2

12 +
≥∴

−ex . 

 
(ii)    )]12(log1[342 −−−+= xy e  
 

   )12(log242 −++= xy e . 
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 (iii)   10)12(log242 =−++ βe  
 

   2)12(log2 =−+∴ βe  

   4)12(log2 =−+∴ βe  

   2)12(log =−∴ βe  

   212 e=−∴ β  

   
2

12 +
=∴

eβ . 

 
 
 
 


